Abstract. We give a complete answer to the question of when two curves in two different Riemannian manifolds can be seen as trajectories of rolling one manifold on the other without twisting or slipping. We show that up to technical hypotheses, a rolling along these curves exists if and only if the geodesic curvatures of each curve coincide. By using the anti-developments of the curves, which we claim can seen of as a generalization of the geodesic curvatures, we are able to extend the result to arbitrary absolutely continuous curves. For a manifold of constant sectional curvature rolling on itself, two such curves can only differ by an isometry. In the case of surfaces, we give conditions for when loops in the manifolds lift to loops in the configuration space of the rolling.
Introduction
Rolling of surfaces without slipping or twisting is one of the classical kinematic problems that in recent years has again attracted the attention of mathematicians due to its geometric and analytic richness. A very interesting historical account of problems in non-holonomic dynamics can be found in [3] , in which the problem of the sphere rolling on the plane is presented as one of the earliest examples of a nonholonomic mechanical system. The interest in this particular case can be traced back as far as the late 19th century, for instance, see [5, 6] . A detailed exposition of the non-holonomy of the rolling sphere is presented in [12] .
The definition of the so-called rolling map, which corresponds to rolling manifolds of dimension higher than two imbedded in R m without slipping or twisting, was given for the first time in [14] . This was the starting point of [8] where this extrinsic point of view was shown to be equivalent to a purely intrinsic condition and a condition depending solely on the imbeddings of the manifolds. The extrinsic point of view, which depends on the imbeddings, has been successfully applied in some particular cases, obtaining interpolation results [11] and controllability [13, 16] . In this work we address the problem of existence of rollings for two abstract Riemannian manifolds. We employ the coordinate-free approach introduced in [8] which allows us to consider the problem with purely intrinsic methods.
From [14] , it has been know that any rolling of one manifold M on the other M without slipping or twisting, is completely determined by the curve x(t) it rolls along in M up to initial configuration. A natural question to ask is if the curve x(t) in M produced by the rolling is completely determined by x(t), how does geometry of x(t) compare to that of x(t)? Is there any way in which we, just by studying the curves x(t) and x(t) can determine if there exist a rolling along this curves? We will present a complete answer to these question in this paper.
For a long time, mathematicians have had the intuition that by rolling an n dimensional manifold M along a given curve y(t) in R n with the Euclidean structure, one would obtain a curve in M which resembles the original curve y(t). This seems to be the reason why the Brownian motion on manifolds is defined by a rolling following a Brownian motion in R n , see [10, Chapter 2] , or why rolling is used in interpolation, see [11] . We will formalize this by trying to answer the following question: Given a curve x(t) in M , how can you represent it by a curve x(t) in another Riemannian manifold M , keeping as much local information as possible? An answer to this question already exists for some particular classes of curves. If x(t) is a geodesic then, at least for short time, we can define x(t) by x(t) = exp x(0) •q 0 • exp −1
x(0) (x(t)), where q 0 : T x(0) M → T x(0) M is a chosen isometry and exp denotes the Riemannian exponential map. If x(t) has n − 1 well defined geodesic curvatures, then this data is enough to construct a curve x(t) in M with the same curvatures. However, if x(t) is a general absolutely continuous curve, which might only have derivatives defined almost everywhere, it is neither clear how to construct x(t), nor what would the term "local data" means.
We would like to make the argument that the best way to obtain a curve x(t) in M that preserves "local data", is to roll M on M without twisting or slipping. We will also show that obtaining a curve in this way, can be seen as a generalization of the techniques in the previously mentioned particular cases.
1.1. Structure of the paper and main results. In Section 2 we give the definition of intrinsic rolling and anti-development, both of which will be used throughout this paper. In this section we also treat the special case of dimension 2. We are able to deduce two important results for surfaces: the existence of rollings in terms of the geodesic curvature and when a loop in a manifold lifts to a loop in the configuration space. To explain in more detail what we mean by the latter, we try to answer the following question: Given a loop x(t) on a surface M , if we roll M on R 2 along x(t), when will we, after the rolling is completed, have returned back to the initial configuration? We are able to answer this only in terms of geometric properties of x(t).
In higher dimensions the situation is more subtle and requires the use of heavier differential geometric machinery. In Section 3 we therefore introduce the concepts of Frenet frames and geodesic curvatures and prove the existence of rollings in arbitrary dimensions in terms of these notions. We also address the question of existence for general absolutely continuous curves, where it may happen that the concepts mentioned before are not well defined. We are able to give an answer in terms of anti-development curves, which we argue generalizes the concept of geodesic curvatures.
After describing the theoretical benefits of rolling without twisting or slipping, we end with a more practical problem. The equations governing a rolling motion, are not in general easy to solve explicitly. However, we can somewhat simplify the problem if we know that one of the curves has all geodesic curvatures well defined. We will make some brief comments on this in Section 4.
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2. Preliminaries and the two dimensional case 2.1. Intrinsic rolling. The aim of this section is to provide the necessary background and notations of the coordinate-free approach of rolling manifolds without slipping or twisting as presented in [8] . As customary, in the rest of the article we use simply rolling to refer to rolling without slipping or twisting.
Let M and M be two connected, oriented Riemannian manifolds of dimension n. The configuration space Q for rolling is the SO(n)−bundle
where SO(V, W ) stands for the space of linear, positively oriented isometries of oriented inner-product spaces V and W . As noted in [8] , the bundle Q can also be represented as
, where F (M ) denotes the oriented orthonormal frame bundle of M , i.e. the principal SO(n)−bundle where the fiber over a point x ∈ M consist of the positively oriented orthonormal frames in T x M , and the quotient is with respect to the diagonal SO(n)−action. Remark 1. The SO(n)−bundle Q is a principal bundle in the general situation only when n = 2. In other words, if n ≥ 3 it is always possible to find manifolds such that Q is not principal, see [7, Proposition 3.4] .
Denoting by π : Q → M the projection onto M and similarly the projection π to M , we can state the definition of an intrinsic rolling. Definition 1. An intrinsic rolling of M on M is an absolutely continuous curve q : [0, τ ] → Q, satisfying the following conditions: if x(t) = πq(t) and x(t) = πq(t), then (I) no slip condition:˙ x(t) = q(t)ẋ(t) for almost all t;
(II) no twist condition:
M along x(t) and almost every t.
The symbol D dt stands for the covariant derivative of the Levi-Civita connection on the respective manifolds. The main result in [8] (Theorem 2) states that given an intrinsic rolling q(t), isometric imbeddings of M and M into a common Euclidean space R N , and an initial configuration of the imbedded manifolds, there is a unique rolling in the sense of Sharpe [14, Appendix B] yielding to the same dynamics as the original intrinsic rolling q(t).
In the following sections, the letter Q will always denote the configuration space of the intrinsic rolling for the manifolds under consideration, and it will always be considered as the bundle of isometries (1) . Moreover, we assume that all the manifolds are connected, oriented and Riemannian. The space R n will always come furnished with the standard Euclidean structure.
2.2.
Existence of rolling in two dimensions. If we have two n dimensional manifolds M and M and a given absolutely continuous curve x(t) in M , there is a rolling q(t) of M on M , such that πq(t) = x(t), for short time in general, and for all time if M is complete, see [9, Lemma 6] . It is uniquely determined by an initial configuration q(0) : T x(0) M → T x0 M , for some x 0 ∈ M . We say that q(t) is a rolling of M on M along x(t). Given such a rolling, it is clear that x(t) = πq(t) is completely determined by x(t) and q(0), but it is not immediately clear how. We therefore seek to understand what conditions a pair of curves (x(t), x(t)) must satisfy in order for there to exist a rolling q(t) along these curves, i.e. with πq(t) = x(t) and πq(t) = x(t). Before trying to give sufficient conditions for the general situation, let us see the concrete case of surfaces. In what follows, by a surface we mean a 2-dimensional, connected and oriented Riemannian manifold.
It is clear from the no slip condition, that requiring x(t) and x(t) have the same length is a necessary condition for the existence of a rolling q(t). It is easy to construct examples to see that this is not sufficient. Let us start by letting both x(t) and x(t) be C 2 curves, both parametrized by arc-length. In this case, the problem of existence of a rolling following given trajectories has a complete solution.
Definition 2. Given a C 2 curve x(t) in a surface M , that is parametrized by arclength, write ν(t) for the unique vector field along x(t) such that {ẋ(t), ν(t)} is a positively oriented orthonormal basis for every t. Then k g (t) = D dtẋ (t), ν(t) is called the oriented geodesic curvature of x(t). 
if and only if the oriented geodesic curvatures of x(t) and x(t) coincide.
Proof. Choose vector fields ν(t) along x(t) and ν(t) along x(t) as in Definition 2 and denote by k g and k g the respective oriented geodesic curvatures. Note that, by definition, ν(t) and ν(t) are differentiable at least once. It is clear that the unique positively oriented isometry q(t) : T x(t) M → T x(t) M which satisfy the no slip condition is the isometry determined by
for all t. We need to study when does q(t) also satisfy the no twist condition. In order to do that, it is enough to show that it holds forẋ(t) and ν(t). From the equations
it follows that the no twist condition holds if and only if k g (t) = k g (t) for any t.
In order to interpret this theorem in more detailed a manner, we will introduce the notions of development and anti-development. We will discuss this in general for n-dimensional manifolds.
is the canonical ordered basis of R n . Denote the set of all general frames at x by F x (M ). The general frame bundle F (M ) = x F x (M ) can naturally be given the structure of a manifold of dimension n(n + 1) with a principal GL(n, R)−structure. The manifold structure of F (M ) is such that the natural projection pr M : F (M ) → M is a smooth map.
Let M be equipped with an affine connection
with respect to ∇. The set of tangent vectors of all horizontal curves forms an n-
The horizontal curve f (t) solving (2) is completely determined up to initial config-
Note that (2) permits to rewrite equation (3) asḟ (t) = H f (t)(ẏ(t)) (f (t)), which corresponds to the definition of anti-development often found in the literature.
If ∇ is compatible with the metric then, according to the definition of F (M ) from Subsection 2.1, we can consider the corresponding Ehresmann connection E as a subbundle of T F (M ), since orthonormal frames remain orthonormal under parallel transport.
The idea of development -a sort of "reverse" of the anti-development-plays a fundamental role when defining Brownian motion on Riemannian manifolds. In [10, Chapter 2] it is possible to find the comment that the development corresponds to a rolling with no slipping of M on R n , but no further interpretation is given.
, the corresponding anti-development is given explicitly by y(t)
For the rest of this paper, whenever we refer to a horizontal curve f (t) in F (M ), we mean that f (t) is horizontal with respect to the Ehresmann connection associated to the Levi-Civita connection on M . Consequently, any anti-development curve is defined with respect to such horizontal curves.
2.4. Anti-development and intrinsic rolling. The following result connecting horizontal curves in the frame bundles with rollings can be found in [9, Corollary 1].
In particular, any rolling q(t) of R n on M can be considered as a horizontal curve in F (M ). If y(t) is the projection of q(t) to R n and x(t) is the corresponding curve in M , then, up to translation, y(t) is an anti-development curve of x(t). In this context, equation (3) becomes a restatement of the no slip condition, while the requirement of f (t) being horizontal is equivalent to the no twist condition. The latter follows since horizontality is equivalent to require that f (t) sends parallel vector fields along y(t) (i.e. constant vector fields) to parallel vector fields along x(t).
From the definition of rolling, the following transitivity holds (cf. [14, Appendix B, Theorem 4.1]): if q(t) is a rolling along the curves x(t) in M and x(t) in M , and if q(t) is a rolling along the curves x(t) in M and x(t) in M , then q(t) • q(t) is a rolling along x(t) in M and x(t) in M . This transitivity, together with Lemma 1, imply the following result.
, and let y(t) and y(t) be anti-development curves for x(t) and x(t) respectively. Then there exist a rolling of M on M along x(t) and x(t) if and only if there is a rolling of R n on itself along y(t) and y(t).
This result will be used later in Section 3.3 in order to reduce the question of existence of rollings between manifolds to rollings along curves in R n .
Rolling along a loop.
Using the connection between rollings and the horizontal curves in the frame bundles, we state some corollaries of Theorem 1. In particular, we want use the previous mentioned theorem to solve the following problem. Consider a rolling q(t) of M on R 2 along a given curve x(t) in M . Assume that x(t) is a continuous loop, i.e. x(0) = x(τ ). When will q(t) be a continuous loop also?
On the way to solving this, let us first look at a rolling q(t) of surfaces M and M such that x(t) = πq(t) and x(t) = πq(t) are loops. We want to argue that we can determine whether or not q(t) is a loop itself from the projected curves, at least if they are sufficiently regular. Corollary 1. Let M and M be surfaces. Let q : [0, τ ] → Q be a rolling such that x(t) = πq(t) and x(t) = πq(t) are C 2 curves parametrized by arc-length. Then q(t) is a continuous loop in Q if and only if both x(t) and x(t) are continuous loops where the oriented angles ∠(ẋ(0),ẋ(τ )) and ∠(˙ x(0),˙ x(τ )) coincide.
Proof. Consider the orthonormal positively oriented frame
It is easy to see that the oriented curvature of x(t) satisfies k g (t) =v(t). Define
Let θ be the angle in which f (τ ) is rotated with respect to f (0). Define the angle θ similarly. By definition, q(0) = q(τ ) if and only if θ = θ holds. Since ∠(ẋ(0),ẋ(τ )) = α + θ and ∠(˙ x(0),˙ x(τ )) = α + θ, the result follows. Figure 1 . A sphere S rolling following a loop x(t) in R 2 .
The angles θ and θ in the proof of Corollary 1, can be understood as elements in the respective holonomy groups corresponding to x(t) and x(t). Hence, another way to formulate Corollary 1, is to say that q(0) = q(τ ) if and only if the loops x(t) and x(t) have the same holonomy. Note that, since we are working in dimension 2, the statement "have the same holonomy" actually makes sense, since SO(
In particular, if we are rolling M on R 2 along a loop x(t) in M , then holonomy of x(t) can be identified with the angle that M is rotated with after the rolling is complete relative to the standard basis in R 2 . This statement holds even when the curve y(t) obtained in R 2 by the rolling, is not a loop. Hence, requiring only trivial holonomy of x(t) is not enough to solve the question of when q(t) will be a loop. However, by again using Theorem 1, we are able to find a solution.
Corollary 2. Let x(t) be a C 2 curve parametrized by arc-length in a surface M . Then the following are equivalent.
(a) Any rolling q(t) of M on R 2 along x(t) has the same initial and final configuration. (b) x(t) is a continuous loop with trivial holonomy and with geodesic curvature k g (t) satisfying
where i is the imaginary unit. Furthermore, q(t) is a C 1 loop if and only if x(t) satisfies (b) and
Proof. Let q(t) be an arbitrary rolling of M on R 2 along x(t). Let y(t) be the projection of q(t) to R 2 . Let {e 1 , e 2 } be a rotation of the standard basis of vector fields on R 2 such thatẏ(0) = e 1 (y(0)), and consider a basis of parallel vector fields along x(t) given by {f 1 (t), f 2 (t)} = {q(t)
−1 e 1 (y(t)), q(t) −1 e 2 (y(t))}. Similarly to (4), if we can write v(t) = t 0 k g (s)ds, anḋ x(t) = cos(v(t))f 1 (t) + sin(v(t))f 2 (t),ẏ(t) = cos(v(t))e 1 (y(t)) + sin(v(t))e 2 (y(t)).
Then it is clear that y(t) is a loop if (5) holds and we see that bothẋ(0) =ẋ(τ ) andẏ(0) =ẏ(τ ) holds if also v(0) = v(τ ) (mod 2π).
The only thing that remains to be proven, is that q(t) is a C 1 loop when both x(t) and y(t) are C 1 loops. But this simply follows from the fact that q(t) is constant in the basis {f 1 , f 2 } and {e 1 , e 2 } and the mappings t → f j (t) and t → e j (y(t)) are obviously C 1 loops.
Existence of intrinsic rollings in dimension n
We will now turn to the general case of n dimensional manifolds. We provide results for when a rolling exists along a given pair of curves. At the same time, we want to show that rolling preserves local data, and when curves are not nice enough to have well defined geodesic curvatures, we will give an argument for why the anti-development can be considered as "local data". To build up intuition for this argument, we will start with the simplest case of geodesic, and then gradually look at more complicated curves.
3.1. Rolling along a geodesics. Assume that q(t) is a rolling of M on M , with initial configuration q(0) = q 0 : T x0 M → T x0 M . Assume that πq(t) = x(t) is a geodesic. Then πq(t) = x(t) is also a geodesic, since
Let y(t) and y(t) be respective anti-development curves of x(t) and x(t) corresponding to horizontal curves f (t) and f (t) in the respective frame bundles. These will both be straight lines sinceẋ(t) and˙ x(t) are parallel vector fields. Write them as y(t) = ty 0 and y(t) = t y 0 . By the definition of the Riemannian exponential and (3), we know that,
By the no slipping condition, we know that q 0 (f (0)(y 0 )) = f (0)( y 0 ). Hence, for small values of t, x(t) can be written as x(t) = exp x0 •q 0 • exp
x0 (x(t)). 3.2. Curves with C n−1 -regularity. In order to state an analogue of Theorem 1 for dimensions higher than 2, we need to find a suitable definition of geodesic curvature. The notion we use can be found in [15, Chapter 7 .B], and is formulated in the following way.
Let M be a oriented Riemannian manifold of dimension n and let x : [0, τ ] → M be a curve of class C n+1 parameterized by arc-length. Define the unit vector field v 1 (t) =ẋ(t) along x(t), and let κ 1 (t) = D dt v 1 (t) . Assuming κ 1 (t) never vanishes, there is a unique unit vector field v 2 (t) along x(t) satisfying D dt v 1 (t) = κ 1 (t)v 2 (t). Inductively, assume that κ i (t) and v i+1 (t) are well-defined for i < j, where j < n is fixed. Denote
If κ j (t) never vanishes, define v j+1 to be the unit vector field along x(t) satisfying
Simple calculations show that v i (t), v j (t) = δ i,j for all i, j.
Definition 4. The unit vector field v j (t) in (6) is called the the j−th Frenet vector field of x(t). The function κ j (t) is called the j−th geodesic curvature of x.
are linearly independent for every t. The k−th Frenet vector field v k (t) exists if and only if x(t) is C k -regular. We want an alternative way to define κ n−1 and v n which only requires the curve to be C n and have C n−1 -regularity and which also encodes the orientation into the curvatures. This approach can also be found in [15, Chapter 7 .B].
Assume that x(t) is a C n curve, which is C n−1 -regular, and consider the curvatures κ 1 , . . . , κ n−2 and the Frenet vector fields v 1 , . . . , v n−1 defined above. Then v n is defined as the unique unit vector field so that v 1 (t), . . . , v n (t) is a positively oriented orthonormal basis for every t. Formally v n = ♯(⋆(♭(v 1 ∧· · ·∧v n−1 ))), where ♭ and ♯ are the musical isomorpisms and ⋆ is the Hodge star operator corresponding to the metric on M . The geodesic curvature κ n−1 is subsequently defined as
This curvature can have both positive and negative values, and will change sign if we change orientation on M . Notice also that with this definition, v n is at least a C 1 vector field, while κ n−1 is in general only continuous.
Remark 3. If a curve is C k -regular for k ≥ 1, this implies that the derivative of x(t) never vanishes, which again implies that we are able to reparametrize the curve by arc-length without loosing differentiability at any point. Hence, instead of requiring that the curves are parametrized by arc-length, we could have just required C 1 -regularity.
Lemma 2.
Assume that x(t) is a C n curve in M and let q(t) be a rolling of M on M along x(t). Then the curve q(t) and x(t) = πq(t) are also C n . Furthermore, if
Proof. To see that q(t) and x(t) are C n , it is sufficient to show this around a point q 0 : T x0 M → T x0 M in the image of q(t). Pick local coordinates, (ξ, U ) and ( ξ, U ) around x 0 and x 0 , respectively, and choose orthonormal bases of vector fields e 1 , . . . , e n on U and e 1 , . . . , e n on U . For simplicity, we will write vector fields ∂ ∂ξi simply as ∂ ξi , and we will use similar conventions on M .
Define matrix-valued functions φ = (φ ij ) on U , and similarly φ = ( φ ij ) on U , by
We writeẋ(t) =:
, and similarly˙ x(t) =: i=1˙ ξ i (t)∂ ξi | x(t) . Denote by [q] = (q ij ) ∈ SO(n) the matrix with entries q ij (t) : = e i ( x(t)), q(t)e i (x(t)) and the corresponding Christoffel symbols
Consider the antisymmetric matrices Γ k := (Γ i kj ), and Γ k := (Γ i kj ). Then, from [8] , we need to solve the equationṡ
where, as usual, φ −1 = (φ ij ). In matrix form, they reaḋ
Obviously, it follows that these equations have a C n solution if ξ(t) is C n . If x(t), is C k -regular, then from the fact that q(t) is an invertible linear map for each t, the vectors
must also be linearly independent.
With all of this terminology set up, we are able to present a generalization of Theorem 1. if and only if κ j = κ j , for j = 1, . . . , n, where κ j and κ j are the respective geodesic curvatures of x(t) and x(t).
Proof. Write {v j } n j=1 and { v j } n j=1 for the Frenet vector fields along x and x. Assume first that there is a rolling q(t) along x(t) and x(t). From the no slip condition, we know that q(t)v 1 (t) = v 1 (t). From the non twist property and induction, we have q(t)κ j−1 (t)v j = κ j−1 (t) v j (t). Hence κ j−1 (t) = κ j−1 (t).
Conversely, assume that κ j−1 (t) = κ j−1 (t). Define q(t) by the formula v j (t) = q(t)v j (t). In order to see that q(t) is a rolling, we need to show that if w(t) = n j=1 w j (t)v j (t) is any vector field along x(t), we have
This equality holds since (we introduce the notation κ 0 = 0 to simplify formulas)
This concludes the proof. 
Both curves have coinciding curvatures when restricted to either t > 0 or t < 0. However, we cannot construct a rolling of R 3 on itself along y(t) and y(t), by the following result.
, and assume that x(t) = πq(t) is C n and C n−1 -regular on (a, b) and (b, c). Let v 1 , . . . , v n and w 1 , . . . , w n be the Frenet frames of x(t) on respectively (a, b) and (b, c). Extend both frames to the point b by continuity. Let v 1 , . . . , v n and w 1 , . . . , w n be defined similarly for x = πq(t). Then for any i, j,
Proof. This is a simple consequence of the equalities q(t)v i (t) = v i (t) and q(t)w j (t) = w j (t).
Another way of stating this, is that if there is an isolated point where C n−1 -regularity fails, permitting a possible rotation in the Frenet frame, then this rotation should be the same for both x(t) and x(t). From this, it seems that rolling without twisting or slipping preserves the local structure very well. We want to show that a rolling has this property for any absolutely continuous curve. However, it seems unclear what "local structure" means for a curve which does not have a Frenet frame, nor geodesic curvatures.
Our idea is that anti-development curves can be seen as a generalization of the geodesic curvatures. Note that we can define a curve κ(t) = (κ 1 (t), κ 2 (t), . . . , κ n−1 (t)) in R n−1 describing the local structure of a C n−1 -regular curve x(t) in M , parametrized by arc-length. If we drop the last requirement, we also need an n-th coordinate in form of the speed s(t) = |ẋ(t)| in addition to the curvatures. Given a starting point and an initial value for the corresponding Frenet frame, the curvatures and s(t) determine a curve uniquely, which always exists for short time, and for all time if M is complete. Furthermore, if M is also connected and simply connected with a constant sectional curvature, in addition to being complete, then the data (κ 1 (t) , . . . , κ n−1 (t)) and s(t) determines x(t) uniquely up to an isometry (see [15, Corollary 4] ).
Similarly, an anti-development y(t) of a curve x(t) consists of n coordinates. Given a starting point and an initial value for the corresponding horizontal curve in the frame bundle, y(t) determines a curve uniquely, which always exists for short time, and for all time if M is complete. If x(t) happens to be C n−1 -regular, then the geodesic curvatures of x(t) and the speed is encoded into y(t), since the anti-development will have the same speed and geodesic curvatures. We want to show that for a pair of general curves, their anti-development curves determine if there exists a rolling along these curves, in the same way the curvatures did for C n−1 -regular curves.
In Subsection 3.5, we will complete the analogy by showing that in a complete, connected, simply connected manifold M of constant curvature, any curve is uniquely determined up to isometry by its anti-development. Let y(t) and y(t) be any anti-development curves of x(t) and x(t), respectively. Then there is a rolling q(t), with
if and only if y(t) = ι(y(t)) for some ι ∈ SO(n). In other words, there exist a rolling along a pair of curves x(t) and x(t) if and only if they have the same set of anti-development curves.
The proof of this theorem follows by combining Proposition 1 with the following lemma.
Lemma 3. Let y, y : [0, τ ] → R n be two absolutely continuous curves such that y(0) = y(0) = 0. Then there exists a rolling of R n on itself, along y(t) and y(t) if and only if there is an ι ∈ SO(n) so that ι(y(t)) = y(t).
Proof. Assume that a rolling exists. Let r = (r 1 , . . . , r n ) be the canonical coordinates in R n , and let e j := ∂ rj . A general property of a rolling found in [8, Lemma 1] states that if q(t) is a rolling of M on M along x(t) and x(t), and if f 1 , . . . , f n and f 1 , . . . , f n are orthonormal bases of parallel vector fields along x(t) and x(t), then the matrix (q ij (t)), given by
is a constant matrix in SO(n). In our case, this means that
is constant in SO(n). From the no slip conditioṅ
q ijẏj e i .
Solving this, we obtain y(t) = ( y 1 (t), . . . , y n (t)), where y j (t) = j=1 q ij y j (t). Hence, by setting ι = (q ij ) in the standard basis, then y(t) = ι(y(t)).
The converse follows by taking q(t) = ι * ,y(t) .
Theorem 3 may be seen as a generalization of Theorem 2 since, if we have a curve in R n starting at 0 whose Frenet vector fields all exist, then it is determined, up to a linear isometry, by its curvatures.
3.4. Distribution along curves. As seen in Example 1, if a geodesic curvature (not the top one) of a curve vanishes somewhere, then it is difficult to determine the existence of a rolling. However, if a certain number of geodesic curvatures vanish identically, we can obtain some results. Proof.
(a) To see that O ι is an orbit of D, it is enough to show that T q O ι = D q for any q ∈ O ι . Since dim O ι = rank D, we need to prove that for any absolutely continuous curve x(t) in M , the map ι * ,x(t) is a rolling.
Clearly, ι * ,x(t) satisfies the no slipping condition. It also satisfies the non-twisting condition, since t → ι * ,x(t) Z(t) is a parallel vector field along ι • x(t) whenever Z(t) is a parallel vector field along x(t). Corollary 3. If x(t) and x(t) are two curves in a connected, simply connected manifold M of constant sectional curvature. Then there is a rolling of M on itself along x(t) and x(t) if and only if there is an orientation preserving isometry ι of M , so that ι(x(t)) = x(t).
Proof. If ι(x(t)) = x(t), then t → ι * ,x(t) is a rolling by the proof of Theorem 4.
To prove the converse, assume that there is a rolling q(t) such that π(q(t)) = x(t) and π(q(t)) = x(t). Then, from Theorem 4 (c) there is an isometry ι, such that q(t) = ι * ,x(t) , and the result follows.
Another way of expressing the previous results is in terms of anti-development curves. Notice that from Lemma 3, we know that for a given curve x(t) in M with y(t) as an anti-development curve, any other anti-development curve can only differ by an element in SO(n). Hence each curve has a unique equivalence class of anti-development curves SO(n) · y(t) belonging to it. Then Corollary 3 can be reformulated in the following way. 
Construction of a rolling motion from initial data
In this final section, we will make comments concerning the practical nature of constructing a concrete rolling motion along a given curve x(t) in M starting at x 0 , with initial condition q 0 : T x0 M → T x0 M . In the simple case of rolling on R n , we can just find an anti-development as in Remark 2. In general, we need to solve the differential equations (7) and (8) . Notice that unless M has a local frame with constant Christoffel symbols, equations (7) and (8) are coupled, making them very difficult to solve in general, and even if we manage to make Γ k ij constant, this still does not make equation (8) easy to solve.
However, given our new knowledge of the relationship between rolling and geodesic curvatures, we are able to give the following algorithm for constructing a rolling motion in the case that x(t) is a C n curve that is C n−1 -regular.
(i) Find the curvatures κ 1 (t), . . . , κ n−1 (t) and Frenet vector fields v 1 (t), . . . , v n (t) of x(t). (ii) Find the curve x(t) in M , with curvatures κ 1 (t), . . . , κ n−1 (t) and initial conditions x(0) = x 0 , and with Frenet vector field alongs v 1 (t), . . . , v n (t) satisfying v j (0) = q 0 v j (0). (iii) Finally, define q(t), by q(t)v j (t) = v j (t).
The possible difficulty in solving this problems, lies in (ii), but even though finding this solution may be difficult, it does have the advantage that it only depends on information on M . In explicit formulas, let ( ξ, U ) be a chart on M with a chosen positively oriented orthonormal basis of vector fields e 1 , . . . , e n on U . Write v j (t) = n i=1 a ij (t) e i ( x(t)) and we define a(t) = (a ij (t)) as a curve in SO(n), theṅ We illustrate this with some examples. We use a j to denote the j−th column vector of a, and ⊤ to denote the transpose.
Example 2.
(a) Let M = R n with the Euclidean structure. Let us again use (r 1 , . . . , r n ) for the standard coordinates, and use ∂ rj = e j . Then a(t) is a solution to the usual Frenet-Serret equationȧ = aK. (c) A particular nice case is when M = S 3 , where we have the advantage of being able to identify S 3 with the Lie group SU(2) of matrices
Consider x(t) = g(t) as a curve in these coordinates. The usual metric on S 3 is even bi-invariant with respect to the multiplication on SU(2). We will choose the following positively oriented orthonormal basis that is also left invariant, .
After solving this, we obtain the solution, by viewing a 1 (t) as a curve in the Lie algebra, and solvingġ(t) = g(t) · a 1 (t). On matrix form, this is writteṅ
